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P2. Fie n, r ∈ N, cu n ≥ r ≥ 1, iar A ∈ Mn(C). Arǎtaţi cǎ rang(A) = r dacǎ şi numai dacǎ existǎ
B ∈Mn×r(C) cu coloanele liniar independente şi C ∈Mr×n(C) cu liniile linar independente, astfel ı̂ncât
A = BC.

R: Dacǎ A ∈Mn(C) are rangul r, existǎ U, V ∈ GLn(C)(i.e., matrice inversabile) astfel ı̂ncât

UAV =

[
Ir 0r×(n−r)

0(n−r)×r 0(n−r)×(n−r)

]
not
= E.

Cum E2 = E, rezultǎ cǎ A = U−1E · EV −1. Evident, U−1E =
[
B 0n×(n−r)

]
, cu B ∈ Mn×r(C),

iar EV −1 =

[
C

0(n−r)×n

]
, cu C ∈ Mr×n(C). Cum rang(B) = rang(U−1E) = rang(E) = r, B are

coloanele liniar independente. Din rang(C) = rang(EV −1) = reng(E) = r rezultǎ cǎ C are liniile liniar
independente. În plus, are loc egalitatea

A = BC + 0n×(n−r) · 0(n−r)×n = BC.

Reciproc, dacǎ existǎ B ∈ Mn×r(C) cu coloanele liniar independente şi C ∈ Mr×n(C) cu liniile linar
independente, astfel ı̂ncât A = BC, rezultǎ cǎ rang(B) = rang(C) = r. Atunci existǎ U, V ∈ GLn(C)
cu proprietatea cǎ

UB =

[
Ir

0(n−r)×r

]
şi CV =

[
Ir 0r×(n−r)

]
şi rezultǎ cǎ

UAV = UB · CV =

[
Ir

0(n−r)×r

]
·
[
Ir 0r×(n−r)

]
=

[
Ir 0r×(n−r)

0(n−r)×r 0(n−r)×(n−r)

]
,

astfel cǎ rang(A) = r.
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