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P2. Arǎtaţi cǎ
a) pentru orice α ∈ R şi orice n ∈ N∗ are loc egalitatea

cos(nα) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

cos(α) 1 0 0 0 . . . 0
1 2 cos(α) 1 0 0 . . . 0
0 1 2 cos(α) 1 0 . . . 0
0 0 1 2 cos(α) 1 . . . 0
...

. . . . . . . . . . . . . . .
...

0 0 0 . . . 1 2 cos(α) 1
0 0 0 . . . 0 1 2 cos(α)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

b) Deduceţi cǎ

2
√

2n cos

(
n · arccos

(√
2

4

))
∈ 2Z + 1 , (∀)n ∈ N∗.

R: a) Pentru orice n ∈ N∗ notǎm

∆n(α) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

cos(α) 1 0 0 0 . . . 0
1 2 cos(α) 1 0 0 . . . 0
0 1 2 cos(α) 1 0 . . . 0
0 0 1 2 cos(α) 1 . . . 0
...

. . . . . . . . . . . . . . .
...

0 0 0 . . . 1 2 cos(α) 1
0 0 0 . . . 0 1 2 cos(α)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
şi demonstrǎm afirmaţia din enunţ prin inducţie dupǎ n ∈ N∗.
Pentru n = 1, avem cǎ cos(1 · α) = cos(α) = ∆1, iar pentru n = 2

cos(2α) = cos2(α)− 1 = ∆2(α).

Presupunând cǎ egalitatea din enunţ are loc pentru douǎ valori consecutive n şi n + 1,
avem cǎ

cos((n+2)α) = 2 cos(α)·cos((n+1)α)−cos(nα) = 2 cos(α)·∆n+1(α)−∆n(α) = ∆n+2(α).

b) Conform punctului a) are loc egalitatea

2
√

2n cos

(
n · arccos

(√
2

4

))
= 2
√

2n∆n

(√
2

4

)

de unde ı̂nmulţind prima linie cu 2
√

2, a doua coloanǎ cu
√

2, a treia linie cu
√

2, a patra
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coloanǎ cu
√

2, etc, obţinem atunci cǎ

2
√

2n cos

(
n · arccos

(√
2

4

))
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 4 0 0 0 . . . 0 0
1 1 1 0 0 . . . 0 0

0 2 1 2 0
. . . 0 0

0 0 1 1 1
. . . 0 0

0 0 0 2 1 2
. . . 0

0 0 0 0
. . . . . . . . . 0

...
...

...
. . . . . . . . . . . .

...
0 0 0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= kn ∈ Z.

Calculând modulo 2 avem atunci cǎ

kn ≡

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 . . . 0 0
1 1 1 0 0 . . . 0 0

0 0 1 0 0
. . . 0 0

0 0 1 1 1
. . . 0 0

0 0 0 0 1 0
. . . 0

0 0 0 0
. . . . . . . . . 0

...
...

...
. . . . . . . . . . . .

...
0 0 0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

≡ 1(mod 2) ,

astfel cǎ kn este impar, pentru orice n ∈ N∗.
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